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Abstract 

We address the notion of association of sum- and max- stable processes from the perspective of linear 
and max-linear isometries. We establish the appealing results that these two classes of isometries can be 
identified on a proper space (the extended positive ratio space) . This yields a natural way to associate to 
any max-stable process a sum-stable process. By using this association, we establish connections between 
structural and classification results for sum- and max- stable processes. 

Key words: sum-stable, max-stable, classification, max-linear isometry, spectral representation 
2000 MSC: 60G52, 60G70 



1. Introduction 

Sum-stable processes and max-stable processes are two classes of stochastic processes, which have been 
investigated for a long time. For sum-stable processes, man y results are available abou t their structure 
and re p resentations as w ell a s their ergodic properti es (see e.g. lSamorodnitskv and Taqqul (|1994ft jRosiriski 
(|l995l) . lRosinskl (|2000h and ISamorodnitskvl (2005)). At the same time, the max-stable processes have 
been relatively less explored from this perspecti ve. Howe v er, sev e ral recent results imply c lo se con n ection 
bet ween the two clas ses of processes (see e.g. de Haan ( 1984 ). Stoev and Taqqu ( 20061 ). Stoev ( 2008 ) 
and lKabluchkol (j2008h ). 

In this paper, we address the problem of relating these two classes of processes in terms of their spectral 
re presentations. We want to point out that a similar treatment of the association was recently proposed 
bv lKabluch ko (2008). There the author associated the two classes of processes via their spectral measures. 
His approach and ours, although different, lead to the same association. The two approaches together 
complete the picture of the associations of the sum- and max-stable processes. 

We start by reviewing the sum- and max-stable distributions and we will observe strong similarities 
between the two worlds. The understanding of these similarities is our main motivation for this work. A 
random variable X is said to have sum-stable distribution, if for any a, b G R, there exists c > and dsl 
such that 

aXt + bX 2 = cX + d, 

where X\ and X 2 are independent copies of X. On the other hand, a random variable Y is said to have 
max-stable distribution, if for any a, b > 0, there exists c > and dgR such that 

aYx V bY 2 = nmx(aY 1 ,bY 2 ) =cY + d, 

where Y\ and Y 2 are independent copies of Y. For simplicity, in this paper we will concentrate on symmetric 
a-stable (SaS) distributions and a-Frechet distributions. The SaS distribution is a specific sum-stable 
distribution with characteristic function 

Eexp{-itX} = exp{-a a \t\ a } ,Vt el. 

The sum-stability requires that a s (0, 2]. The a-Frechet distribution is a specific max-stable distribution 
such that 

¥(Y <y) = cxp{-a a y- a } , Vy £ (0, oo) . 
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Here a is in (0, oc). Both cr's above are positive and are referred to as the scale coefficient. 

More similarities can be observed between the SaS and a-Frechet processes. An SaS process {X t }teT is 
a stochastic process, such that any finite linear combination (in form of J27=i a i-^ti > G K, U G T,n 6 N) 
is SaS. Any SaS process has integral representation with the form 

{Z t } teT 4 / / / t ( s )dM a , + (s)l . (1.1) 



Here {/t}t<=T C L a (S, fx), 'J' stands for the siaWe integral and M,- , + is a gaff random measur e on m easure 
space (5, /it) with control measure /i (see Chapters 3 and 13 in Samorodnitskv and Taqqu (1994)). At 



the same time, an a-Frechet process is a stochastic process, such that any finite max-linear combina- 
tion (in form of V™=i a i^U > a i — 0' *i G T, n G N) is a-Frechet. Such processes have extremal integral 
representations of the form 

{Y t } teT = (Y / t (s)dM Q , v (s)} . (1.2) 
Us J teT 

Here {/t}ter C L"(S,fx) := {/ G L a (S,fi) : f > 0}, ' e J ' stan ds for the extrem a l inte gral and M QiV is 
an a-Frechet random sup-measure with control measure ji (see Stoev and Taqqul ( 20061 )). The functions 



{/t}teT in (jl.ip and (|1.2j) are called the spectral functions of the sum- or max-stable processes, respectively. 
In this paper, T denotes an arbitrary index set, which is sometimes equipped with a measure A. Two 
common settings are T = Z with A being the counting measure and T = M with A being the Lebesgue 
measure. Brief summaries of useful properties of stable and extremal integrals are given in Section [21 
The representation (|1.1[) implies that 



E 



n » n 

exp{ -i^ajXA =exp{- / | ^ aj / tj (s)p M (s)} , a,- e M,t,- G T,n G N, (1.3) 

A 1 <J S ■ 1 



which determines the finite-dimensional distributions (f.d.d.) of the SaS process {X t } t ^T- The f.d.d. of 
the a-Frechet process {Yt} t eT in (HHJ), on the other hand, are expressed as: 

¥(Y tl < oi, . . . , Y tn < an) = exp { - / f \J f tj (s)/a,) d M (s)} , aj > , e T, n G N . (1.4) 

Note that the r.h.s. of p.3p and (|1.4p are similar. Indeed, they both involve exponentials of either linear 
O or max-linear (V) combinations of spectral functions. The characterizations (|1.3p and ()1.4p and their 
close connections play an important role throughout this paper. 

Based on these two similar representations, many analogous results have been o btained for sum - 
stable and max-stable processes, independently. For example, in the seminal work iRosins H ([1995), 



Rosihski established the conservative-dissipative decomposition for stationary SaS process {X t }t^T- This 
decomposition can be written as 

{*t}ter = {Xf + X t D } teT . (1.5) 

Here, we consider T = R or Z, and the two components {Xf }teT and {X/ ? } te y are stochastically 
independent and arise from the flow structure induced by the spectral functions {ft} teT of {X f }t^r- 



(As w e do not need any specific properties of flows in this paper, we refer the readers to lAaronson 



(1997) and Krengel J 198EJ) . ^) Recen tly, an analogous decomposition for max-stable processes has been 



developed in Wang and Stoevl ( 20091 ). That is, any measurable stationary a-Frechet process {Y t }t e T, has 



the decomposition 

{Y t }teT^{Y t c VY t D }t eT , (1-6) 

where the components {Y t c } t £T and {Y t D } t ^T are independent and also arise from certain types of flows. 
It turns out that the corresponding components in the decompositions (|1.5p and (|1.6p are very similar. For 
example, {X^} t eT is a mixed moving average process while {Y t D } t £T is a mixed moving maxima process. 
This and other existing analogies motivated us to explore the structural relationship between sum- and 
max-stable processes. In particular, while studying the max-stable processes, can we benefit from the 
known results for sum-stable processes? Is there any easy way to 'translate' results on SaS processes to 
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a-Frechet processes (or vice versa)? We provide partial answers to these questions in terms of the spectral 
representations of the sum- and max-stable processes. The following remark provides some important 
intuition. 

Remark 1.1. Any SaS (a-Frechet resp.) process has many different representations in form of ( (|1.2p 
resp.).. All the representations for the same process can be related by linear (max-linear, to be defined 
in Sectional resp.) isometries. Let us take SaS processes for example. Namely, if {ft^}teT C L Q (Si,^i) 
and {/ t }teT are two spectral functions for the same SaS process {X t }teT, then 

Uf& :=/ t (2) ,WeT (1.7) 

defines a linear isometry between subspaces of L a (Sx,(ix) and L a (82,^2) (generated by the spectral 
functions {ft }teT and {/t^ltgr, see Section [3]). The fact, that U is a linear isometry, follows from the 
characterization (|1.3p . which implies 



E 



(i) 



, Ma l £R,U eT,neN. 

*(S2,A12) 

Similarly, because of (II. 4|) , any two spectral representations of the same a-Frechet process can be related 
through a max-linear isometry. 

The fact that different spectral representations are related by linear (max-linear resp.) isometries 
implies that, roughly speaking, all structural results and classifications of sum- and max-stable processes 
based on spectral representations must be invariant w.r.t. the linear (max-linear resp.) isometries. Re- 
mark [TTT] suggests that the isometries play an important role in the study of these processes. In fact, we 
will establish the following surprising result: the positive-linear and max-linear isometries are identical 
on the so-called extended positive ratio space (Theorem 13. ![) .. This result enables us to associate SaS 
processes and a-Frechet processes with the same spectral functions (Theorem 14. ip . This association will 
serve as a tool to translate available structural results about SaS processes to the domain of a-Frechet 
processes. However, we will also observe that there are SaS processes that cannot be associated to any 
a-Frechet processes (Theorem 14. 2p . We provide a practical characterization of the max-associable SaS 
processes {X t }tt=T with stationary increments characterized by dissipative flow, indexed by T = R or 
T = Z (Proposition EU). 

The paper is organized as follows. In Section^ we review some basic properties of stable and extremal 
stochastic integrals as well as the notions of positive-linear and max-linear isometries. In Section [21 we 
identify the positive-linear and max-linear isometries on the extended positive ratio space. In Section 21 
we establish the association of SaS and a-Frechet processes and provide examples of both max-associable 
and non max-associable SaS processes. In Section [5j we summarize some known classification results for 
SaS and a-Frechet process, which can be related by the association method. In Section we conclude 
with a short discussion on the comparison between iKabluchkol (|2008h and our approach. 



2. Preliminaries 



Here, we briefly review the properties of re presentations fll.ll) and (11.21) for S aS a nd a-Frechet pro- 
cesses , respectively. For more details, see e.g. ISamorodnitskv and TaqcuJ ( 19941 ) and IStoev and Taqqu 
(|2006t) . 

Symmetric a stable (SaS) integrals 

(i) (SaS) The stable integral Z := f s f(s)dM a>+ (s) is well defined for all / £ L a {S, n), a £ (0, 2]. It is 
an SaS random variable with scale coefficient 



\Z\ 



\f(sT»(ds) 



I/II 



(ii) (Independently scattered) For any /, g £ L a (S 7 /i), a £ (0, 2), J s fdM U:+ and f s gdAl a:+ are indepen- 
dent, if and only if fg = , /i-a.e., i.e., / and g have disjoint supports. 
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(iii) (Linearity) For any f,g£ L a (S, fi), a, b G K, a G (0, 2], we have 



(a/(s) + 6g(s))dM Q ,+(s) =a / f (s)dM a ,+(s) + b / j(s)« a , + (s) , a.e.. 

S JS 

Extremal integrals 

(i) (a-Frechet) The extremal integral Z := e f s f{s)dM a ^(s) is well defined for all / G L"(5, /i), a G 
(0,oo). It is an a-Frechet random variable with scale coefficient 

l/a 



\Z\\ a =(f r(s)l*(d8) 



(ii) (Independently scattered) For any /, g G L"(S,fJ.),a G (0, oo), e f s fdM a y &nd e f s gdM a y, are inde- 
pendent, if and only if fg — , p-a.e., i.e., / and g have disjoint supports. 

(iii) (Max-linearity) For any /, g G L"(S, p,), a, b > 0, a G (0, 00), we have 



(a/(s) V bg(s))dM a ,v(s) =a / f(s)dM a>v {s)Vb / ff (s)dM a ,v(s),a.e., 

S JS JS 

Linear and max linear isometries 

As we have mentioned in Remark 11.11 the linear isometries and max-linear isometries play important 
roles in relating two representations of a given SaS or an a-Frechet process, respectively. The notion of 
a linear isometry is well known. We give next the definition of max-linear isometry. 

Definition 2.1 (Max-linear isometry). Let a > and consider two measure spaces (Si,pi) and (82,^2) 
with positive and cr-finite measures p\ and p2- The mapping U : L°L(Si, p,\) — > L? (>!5 2 ,/z 2 ), is said to be 
a max-linear isometry, if: 

(i) For any /i,/ 2 G L1(Si,m) and Vai,a 2 > 0, U(a 1 f 1 V a 2 /1) = ai{U fx) V a 2 {Uf 2 ), /i 2 -a.e. and 

(ii) For any / G L^Ml), II^/IIl* ( s 2 ,, 2 ) = H/llz^i)' 

The linear (max-linear resp.) isometries may be naturally viewed as mappings between linear (max- 
linear resp.) spaces of functions. We say that a subset T C Jj°L(S,p) is a max-linear space if for 
all n G N, fi G .F, Oj > 0, have Vi=i a </« e anc ^ ^ i s dosed w.r.t. the metric p p , Q defined by 
p A j iQ ,(/, g) = J s |/ Q — g Q |<iii . A linear (max-linear resp.) isometry may be defined only on a small linear 
(max-linear resp.) subspace of L a (S, p) (L+(S, p) resp.). It is important to understand what is the largest 
subspace of L a (S,p) (L"(S,p) resp.), to which this isometry can be extended uniquely. The answer to 
this question involves the following notions of extended ratio spaces. 

Definition 2.2 (Extended ratio spaces). Let F be a collection of functions in L a (S,p). 

(i) The ratio a-field of F, written p(F) := a ({/1//2, fi, f2 G F}), is defined as the er-field generated by 
ratio of functions in F, where the ratios take values in the extended interval [—00, 00]; 

(ii) The extended ratio space of F, written lZ e {F), is defined as the class of all functions in L a (S,p) that 
has the form 

K e (F) := {rf : rf G L Q (S, p,), r G p(F),f G F} . (2.1) 
Similarly, we define extended positive ratio space of collection of functions F C L°t_(S,fJ,): 

n e ,+ {F) := {rf : rf G L a + (S, /1), r G p(F), r >0,/6f}. (2.2) 

Note that lZ e (F) is closed w.r.t. linear combinations and the metric (/, g) ^ \\f — g\\Yl" s ^, and TZ e , + (F) 
is closed w.r.t. max-linear combinations and the metric p^. a - That is, 7Z e (F) is a line ar subspace o f 
L a ( S,u) and H^+jF ) is a m ax-linear subspace of L"(S, p). The following result is due to Iflardinl (|198lh 
and I Wang and Stoevl (|2009h . 



Theorem 2.1. Let J- be a linear (max-linear resp.) subspace of L a {S\ 1 p\) with < a < 2. // U 
is a linear (max-linear resp.) isometry from T to U{T), then U can be uniquely extended to a linear 
(max-linear resp.) isometry U : 1Z e {T) — ► lZ e (U(J-)) (U : lZ e .+ (T) — > 7Z. e ,_|_([/(.F)) resp.), with the form 

U(rf)=T(r)U(f), (2.3) 

/or r/ G lZ e (T) in (|2.1II (r/ G 7£ e ,+ (.F) as in (12. 2| resp.). Here T is a mapping from L a (Si, p(T), pi) 
to L a (Si, p(U(J-)), p2)- T is induced by a regular set isomorphism T from p(J-) to p(U(J-)). 
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For definition of regular set isomorphism, see iLampertil (|l958 ). Hardin ( 1981 ) or Wang and Stoev ( 2009h . 
The following remark on Theorem 12. 1[ particularly (iii), is crucial for the identification of two types of 
isometries. 



Remark 2.1. (i) U is well defined in the sense that for any rj/j G TZ Ey +(J-) ,i = 1,2 in (12. 2|) . if 
r%fi = r 2 / 2 ,/ii-a-e., then U(nfi) = U(r 2 h) , M2-a.e.. 

(ii) T maps any two almost disjoint sets to almost disjoint sets. 

(iii) Mapping T is both max-linear and linear and maps nonnegative functions to nonnegative functions. 
This follows from the construction of T via simple functions, and the fact that TIa = 1t(A) for measurable 
Ac Si. By (ii), for any simple functions / = J27=i a i^-Ai and g = Ylj=i bj^-Bj , where Aj, Bj are mutually 
disjoint and <2j, bj gl, we have 

T(f+g) = Tf + Tg and T(f V g) =Tf VTg . 

(iv) When T is a max-linear subspace and U is a max-linear isometry, U in (|2.3p is a linear isometry 
from lZ e (T) to lZ e {U(J-)). Indeed, by (iii), the max-linearity of T implies linearity of T, and hence that 
of U. The isometry follows from the isometry for nonnegative functions and by (ii). 

To make good use of (iii) in Remark 12. l\ we introduce the notion of positive-linearity. We say a linear 
isometry U is a positive-linear isometry, if U maps all nonnegative functions to nonnegative functions. 
Accordingly, we say that T C L°^(S, fi) is a positive-linear space, if it is closed w.r.t. p^ tjQ and if it is closed 
w.r.t positive-linear combinations, i.e., for all n G N, /, 6 J,flj > 0, we have g := X)"=i ai fi ^ ■ Note 
that the metric (/, g) i— > ||/ — g\\j^?g ^ restricted to L^_(S,^j,) generates the same topology as the metric 
P[t,a- Clearly, Theorem 1 2 . 1 1 holds if T is a positive-linear (instead of a linear) subspace of L^_(S, /x). In 
this case, U is also positive-linear. We conclude this section with the following refinement of statement 
(iii) in Remark 1 2. II 

Proposition 2.1. Let U be as in Theorem \2.1\ If T is a positive-linear subspace of L°[_(Si, Hi), then the 
linear isometry U in (|2.3p is also a max-linear isometry from 1Z e> +{T) to lZ e ^(U(J-)). If T is a max- 
linear subspace of L a (S\,[i\), then the max-linear isometry U in (|2.3[) is also a positive-linear isometry 
from n e (T) to TZ e {U{T)). 

Proof. Suppose T is max-linear and U is a max-linear isometry. We show U is also positive-linear. The 
proof will be the same for the other case. First, (iv) of Remark 12.11 implies U is a linear isometry. Then, 
observe that U maps nonnegative functions in T to nonnegative functions in U(J-), and so does T. This 
shows that U is a positive-linear isometry. □ 



3. Identification of Max Linear and Positive Linear Isometries 

Here, we will first show that the max-linear and positive-linear isometries are identical on the extended 
positive ratio space. Then, we prove the following theorem, which is the main result of this section . It will 
be use d to relate SaS and a-Frechet processes in the next section. The results of Theorem 12 . II (see Hardinl 
(jl981l )) on linear isometries do not apply to the case a = 2. Thus, from now on, we shall assume 

< a < 2. 

Theorem 3.1. Consider two arbitrary collections of functions /i ,---,/n S L+(Si, fii) ,i = 1,2, < 
a < 2. Then, 



(1) 



L Q (Si,/ii) 



i=i 



, for all Qj G 



if and only if 



V 



(1) 



L + (Si, Mi) 



= I V °i/ 



(2) 



for all an > . 



(3.1) 



(3.2) 
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Before we can prove this theorem, we need an auxiliary result. We need to find a subspace of L"(S, //), 
which is closed w.r.t. the max-linear and positive-linear combinations. In the sequel, for any collection of 
functions F C L°L(S, fi), we let 

T + := span^ji* 1 } and Ty := V-spanji* 1 } (3.3) 

denote the smallest max-linear and positive-linear subspace of L°l{S,\x) containing F, respectively. We 
call them the max-linear space and positive-linear space generated by F, respectively. (We also write 
T := span{F} as the smallest linear subspace of L a (S,[i) containing F.) In general, we have J-+ ^ Ty. 
This means both !F+ and J-y are too small to be closed w.r.t. both and 'V operators. However, we 
will show that these two subspaces generate the same extended positive ratio space, on which the two 
types of isometries are identical. The following fact is proved in the Appendix. 

Proposition 3.1. Let F be an arbitrary collection of functions in L°L(S, fi). Then 7?.e, + (•?"+) = He,+ {fv)- 

Proof of Theorem\KH Let := {$\ . . . , C L%(Si,m),n E N. We prove the 'only if part. 

Suppose Relation (13. ip holds. We will show that Relation (|3.2j) holds. There exists unique linear mapping 
U from F^ 1 ' onto J-^ 2 \ such that 

Uff ] = ff ] , 1 < j < n. 

Note that since the functions f^ are nonnegative, we have U(J-^) = J-^ and 17(7-^) = Ty 2 \ Rela- 
tion (|3.1[) implies that U is a positive-linear isometry from .Fi. to U(J-^). Thus, Theorem 12. II implies 
that the mapping 

U :1l e {T^)^K e {U{T { ? )) 

with form (|2.3[) is a positive-linear isometry. By Proposition 13.11 we have TZ e (J-^) = TZ^Ty ),i = 1,2. 
Hence, U is a positive-linear isometry from IZe^y^) to H e (U(Jv)). By Proposition 12. 1[ U is also a 
max-linear isometry from 7?. e!+ (jr^ 1 ') to 1Z e .+ (U(J-y 1Sl )), whence Relation (|3.2|) holds. The proof of the 
'if part is similar. □ 

To conclude this section, we will address the following question: for /| , . . . , /„ G L a (Si,fii), does 
there always exist /{ S L" (S^jfJ-z) such that Relation (|3.ip holds for any aj 6 R? The answer 

is negative. 

Proposition 3.2. Consider /• £ L a (S\, fii), 1 < j < n. Then, there exist some /j 2 ' S (62,^2) > 1 < 
j < n such that (|3.ip holds, if and only if 

fP&f^is) > 0,Mi-a.e. /or 1 < i,j < n.. (3.4) 

When p.4p zs true, one can tafce (s) '■= \ f^(s)\,l <i<n and (6*2,^2) = (Si, Hi) for (|3.ip to /10M. 

The proof is given in the Appendix. We will call (|3.4p the associable condition. As a consequence, in 
the next section we will see that there are SaS processes, which cannot be associated to any a-Frechet 
process. 

4. Association of Max and Sum Stable Processes 

In this section, by essentially applying Proposition 12.11 and 13.11 we associate an SaS process to every 
a-Frechet process. The associated processes will be shown to have similar properties. However, we will 
also see that not all the SaS processes can be associated to a-Frechet processes. We conclude with several 
examples. First, inspired by the similarity in Representations (jl.ip and (|1.2p . we introduce the following: 

Definition 4.1 (Associated spectral representations). We say that an SaS process {X t } t £T and an a- 
Frechet process {Y t }t£T are associated, if there exist {ft}t£T C L°j_(S,n) such that: 

{X t } teT = { / f t dM a A and {Y t } teT = { j f t dM ay } . 

IJs iter IJs ) teT 

In this case, we say {X t } t€ T and {Y t }t^T are associated by {/ t } te r. 
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The following result shows the consistency of Definition 14. 1) i.e., the notion of association is independent 
of the choice of spectral functions. 

Theorem 4.1. Suppose an SaS process {X t }teT and an a-Frechet process {Y t }t£T ore associated by 
{ft }teT C Then, {/{ }teT C i"(S*2,/i2) is a spectral representation of {X t }teT, if and 

only if it is a spectral representation of {Y t }t£T- Namely, 

«1}« ST * { I «1}, 6T ~ { I * { 1 /. ,2, «<i}« £ , ■ <«) 

where M^\_ and v are SaS random measures and a-Frechet random sup-measures, respectively, on 
Si with control measure \ii,i = 1,2. 

Proof. First note that by (|1.3[) , the l.h.s. of (|4.1[) is equivalent to: 



. =1 L II - =1 



which, by Theorem 13. 1[ is equivalent to: 



(2) 



Va, E R , ti S T, 1 < j < n, Vn € 

i°(S 2 ,M2) 



Vaj > , tj £ T, 1 < j < n, Vn e N . 



Since ti,. . . ,t n are arbitrary, the relation above, by ljl.4jl . is equivalent to the r.h.s. of (14. □ 



It follows from Theorem 14.11 that, for the associated processes, it suffices to work on any spectral repre- 
sentations. The next result shows that the associated processes would be simultaneously stationary and 
self-similar. Here we assume T = K or Z. 

Corollary 4.1. Suppose an SaS process {X t }t£T and an a-Frechet process {Y t }teT are associated. Then, 

(i) {X t }teT is stationary if and only if {Y t }t£T is stationary.. 

(ii) {X t }t£T is self-similar with exponent H, if and only if {Y t }t£T is self-similar with exponent H . 

Proof. Suppose {X t }teT and {Y t } t ^T are associated by {ft}teT C L"(S,[i). (i) For any h G T, letting 
9t = ft+h^t G T, by stationarity of {X t }t£T, we obtain {gt}teT as another spectral representation. 
Namely, 



{ j f t dM a ,+}^ T 4 | J g t dM a ,+} 
By Theorem 14. 11 the above statement is equivalent to 



ftdM a . v \ = { / g t dM a , v } , 



which is equivalent to the fact that {Y t }t^T is stationary. 

(ii) If {X t }t<£T is self-similar with exponent H, then by definition, for any a > 0, we have 

(X a ti j ■ • ■ 7 Xat n ) — (fl H X tl , • . • , a H X tn ) . 

Set gt(s) — a H / a ft/ a {s). The same argument as in part (i) yields the result. □ 

It is obvious that not all a-Frechet processes can be associated to SaS processes, as the latter requires 
< a < 2 while the former can take any a > 0. On the other hand, neither can all SaS processes 
be associated to a-Frechet processes. This is because, not all SaS processes have nonnegative spectral 
representations. For an SaS process {X t }t£T with spectral representation {ft}t£T to have an associated 
a-Frechet process, a necessary and sufficient condition is that for any t\, . . . ,t n E T, / tl , . . . , f tn satisfy 
the associable condition (|3.4[) . We say such SaS processes are max-associable. Now, Proposition 
becomes: 
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Theorem 4.2. Any SaS process {X t }t^T with representation is max- as sociable, if and only if for 

all ti,t 2 E T, 

fMfM >0,n-a.e.. (4.2) 

Indeed, by Proposition 13.21 for any max-associable spectral representation {ft}t£T, {\ft\}teT is also a 
spectral representation for the same process. Clearly, if the spectral functions are nonnegative, then the 
SaS processes are max-associable. We give two simple examples next. 

Remark 4.1. All the examples in this section are well studied SaS processes. We do not however list their 
properties in this paper. Many of the resulting associated a-Frechet processes are new, to the best of our 
knowledge. However, the association does not provide a complete picture of the probabilistic properties 
of these new a-Frechet processes. Their detailed studies present interesting problems for future research, 
which fall beyond the scope of this work. 

Example 4.1 (Association of mixed fractional motions). Consider the self-similar SaS processes {X t }t<=R + 
with the following representations 

{A t } teR+ 4j^^ t H -^g(x,~) M a>+ {dx,du)} t ^ ,H E (0, oo) , (4.3) 

where {E,£, v) is a standard Lebesgue space, M Qi+ is an SaS random measure on X x R + with control 
mea sure m(dx, du) = v{dx )du and g E L a (E x R + , to). Such processes are called mixed fractional motions 
(see iBurnecki et al~ ( 1998h ). When g > a.e., the process {X t }t^R + is max-associable. The Corollary 14. II 
implies the associated a-Frechet process is if -self-similar. 

Example 4.2 (Association of Chentzov SaS Random Fields). Recall that {A t } tg Rn is a Chentzov SaS 
random field, if 



{X t } teR „ ee {M a ,+(V t )} tm n 4 { J l Vt ( u )M a ,+ (du)} 



/et 



Here, < a < 2, (S, fi) is a measu re space and V t ,t E R n is a fam ily of measurable sets such that 
n(Vt) < oo for all t E R™ (see Ch. 8 in ISamorodnitskv and Taqqul (| 19941 )). Since lv t (w) > 0, all Chentzov 
SaS random fields are max-associable. 

To conclude this section, we will show that there are SaS processes that cannot be associated to any 
a-Frechet processes. In particular, recall that, the S aS processes w i th sta tionary increments (zero at 
t = 0) characterized by dissipative flows were shown in lSurgailis et aL ( 1998f ) to have representation 

TOt 6 R= j / / {G{x,t + u)-G{x,u))M a , + {dx,du)\ . (4.4) 
L Je Jr j *sr 

Here, (E,Z,v) is a standard Lebesgue space, M a ^,a E (0,2) is an SaS random measure with control 
measure m(dx, du) = v(dx)du and GiE'xR-^IRisa measurable function such that, for all t E R, 

G t (x, u) = G(x, t + u) - G(x, u) , x £ E, u £ M 

belongs to L a (E x R, m). The process {X t }t£R in (|4.4|) is called a mixed moving average with stationary 
increments. Examples 14.31 and 14.41 show that not all such processes are max-associable. The following 
result provides a partial characterization of the max-associable SaS processes {X t }teT, which have the 
representation (|4.4|) . We shall suppose that E is equipped with a metric p and endow E x R with the 
product topology. 

Proposition 4.1. Consider an SaS process {X t }teR with representation (|4.4| . Suppose there exists a 
closed setM C £xR, such that to(AT) = and the function G is continuous at all (x, u) E M c '■= £ , xR\7V, 
w.r.t. the product topology. Then, {X t }teR is max-associable, if and only if 

G(x,u) = f(x)l Ax (u)+c(x), onM c . (4.5) 
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Proof. By Theorem 14. 2 [ {X t }tes, is max-associable, if and only if for all t\,t% £ K, 
G tl (x, u)G t2 (x, u) = (G(x, ti+u)- G(x, u))(G(x, t 2 +u)- G(x, u))>0, m-a.e. (x, u) e E x K . (4.6) 

First, we show the 'if part. Define G(x, u) := G(x, u) (given by (|4.5ll ) on A/" c and G(x. u) := f(x)ljy x (it) + 
c(x) on TV (if Ac and c{x) is not defined, then set G(x,u) — 0). Set Gt(x,u) = G(x,u + t) — G(x,u). Note 
that Gt{x,u) is another spectral representation of {X t }t£R and for all (x,u), ^lA x (u + t) — 1a x (u)\ can 

take at most 2 values, one of which is 0. This observation implies (|4.6[) with Gt{x, u) replaced by Gt{x, u), 
whence {A t } tg R is max-associable. 

Next, we prove the 'only if part. We show that (|4.6p is violated, if G(x, u) takes more than 2 
different values on ({x} x R) n M c for some x S X. Suppose there exist i e e M such that 

(x, Ui) G J\f c and g xl := G(x,Ui) are mutually different, for i = 1,2,3. Indeed, without loss of generality 
we may suppose that g x \ < g x i < g X 3- Then, by the continuity of G, there exists e > such that 
Bj := B(x, e) x (itj — e, u,; + e) , i = 1, 2, 3 are disjoint sets with B(x, e) := {y 6 E : p(x, y) < e}, p is the 
metric on E and 

sup G(x,u) < inf G(x,w)< sup G(x, u) < inf G(x,u) . (4.7) 
SiHAA c B 2 nJ\f a B 2 nAf" B 3 nAT o 

Put ti = ui — U2 and £2 = «3 — ^2- Inequality ()4.7|) implies that Gt x (cc, u)Gt 2 (x, u) < on i?2 flJV c . This, 
in view of Theorem 14.21 contradicts the max-associability. Therefore, for all x & E, G(x,u) can take at 
most two values on Af c , which implies (|4. 5|) . □ 

We give two classes of SaS processes, which cannot be associated to any a-Frechet processes, according 
to Proposition 14. II 

Example 4.3 (Non-associability of linear fractio nal stable motions). The linear fractional stable motions 
(see Ch. 7.4 in Samorodnitskv and Taqqu (1993)) have the following spectral representations: 

{Xt } tm = { / {a ((t + - u H + - l / a ) +&((< + uf_- 1/a u"- 1 '*) }M a ,+ (du)} 



Here H £ (0, 1), a G (0, 2), H ^ 1/a, a, b £ K and |a| + |6| > 0. By Proposition 14. 1[ these processes are 
not max-associable. 

Example 4.4 (Non-associability of Telecom processes). The Telecom process offers an extension of 
fractional Brownian motion consistent with heavy-tailed fluctuations. It is a large scale limit of re- 
new al reward process e s and it ca n be obtained by ch oosing the distribution of the rewards accordingly 
(see Lew and Taqqu (2000) and Pipiras et al. I (l2004h . A Telecom process {X t } t ^M has the following 
representation 

{X t } tm ±\ [ [ e( ff - 1 )/ Q (F(e s (i + U ))-F(e s U ))M Q:+ (d S ,d U )) 

v ./TO. /TD> > 



tes. 

where l<a<2, 1/a < H < 1, F(z) = (z AO + 1)+ , z G R and the SaS random measure M Qj+ is with 
control measure m a (ds, du) = alsdu. By Proposition 14. 11 the Telecom process is not max-associable. 

Remark 4.2. It is important that the index T in Proposition 14.11 is the entire real line R. Indeed, in 
both Example 14.31 and 14. 4[ when the time index is restricted to the half-line T = R + (or T = R_ ) , the 
processes {X t }ter satisfy condition (|4.2p and are therefore max-associable. 



5. Association of Classifications 

We can also apply the association technique to relate various classification results for SaS and a— 
Frechet processes. Note that, many classifications of SaS (a-Frechet as well) processes are induced by 
suitable decompositions of the measure space (S,fi). The following theorem provides an essential tool for 
translating any classification results for SaS to a-Frechet processes, and vice versa. 
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Theorem 5.1. Suppose an a-Frechet process {X t }tt£T o,nd an SaS process {Y t }teT are associated by two 
spectral representations {ft}teT C L^_(Si,^i) for i = 1,2. That is, 



{x t } teT 4 jjf /WdM« v } <md {r t } teT = /fdM ( 

Then, for any measurable subsets A, C Si,i = 1,2, we have 



(i) 

Q.V 



,t=l,2. 



tGT 



Ai 



The proof follows from Theorem 13. II bv restricting the measures onto the sets Aj, i = 1,2. 

For an SaS process {X t }t<£T with spectral functions {ft}teT C L a (S,fj,), a decomposition typically 



takes the form 



TO 



7i 



(5.1) 



j) 



where X t u) = J Alj) f t (s)dM a>+ (s) for all t G T and A^,l <j<n are disjoint subsets of S = |J" =1 A< 

The components {X t ^}t e x , 1 < j < n are independent SaS processes. When {JT t } t(E T is max-associable, 
Theorem l5 . 1 l enables us to define the associated decomposition, for the a-Frechet process {YtjteT associated 
with {X t }teT- Namely, we have 

n 



where Y t U) = J AW \ft(s)\dM a y(s) for all * <E T. Similarly, we can define the associated decomposition for 
SaS process based on the decomposition of the associated a-Frechet processes. 

We list below several known classification results for SaS and a-Frechet processes. The decompositions 
belo w were obtained independen tl y for sum- and max-stable pro c esses, without the use of as sociation 
fseelHardinl dl98ll).lHardinl |l982h iRosihskil (|l995h . lSamorodnitskvl (|2005h for SaS processes and lde Haanl 
(|1984h and I Wang and Stoevl (|2009n for a-Frechet processes). Theorem 15 . 1 1 provides a simple way to relate 
these decompositions as well as to translate any (new) classification results from the sum-stable world to 
the max-stable world, and vice versa. 

For the sake of simplicity, we present the results only for a-Frechet processes. In order to obtain the 
corresponding results for SaS processes, it suffices to replace all the V operators by + and replace all the 
extremal integrals in form of e J s fdM a y by SaS integrals f s fdM a ^ + (then / can be in L a (S, (j,) instead 
of L^_(S, fi)). Consider any measurable stationary a-Frechet process {Y t }t£T with spectral representa- 
tion (|1.2[) and assume that T = Z with A (dt) being the counting measure or T = M. with X(dt) being the 
Lebesgue measure. We have: 

(i) Conservative dissipative decomposition: 



{y f } ieT = {^vy f V. 

Here Y t c =% f t (s)M ay (ds) and Y t D = J D f t (s)M a>v (ds) for all t G T, with C and D defined by 



C := 



{s: J f t (s) a \(dt) = oo } and D:=S\C. 



(5.2) 



The sets C and D cor respond t o the Hopf de composition S = C U D of the non-singular flow associated 
with {Y t }t eT (see e.g. IRosihskil (|l995l ) and IWang and Stoevl (|2009h ). Thus, {Y t c } teT and {Y t D } teT are 
referred to as the conservative and dissipative components of [Y t }t£T, respectively. Obviously, if C (D 
resp.) has zero measure, then {Y t c } t& T ({Yt D }teT resp.) is trivial. 

(ii) Positive null decomposition: 



{fc={^V^} t6 T 



(5.3) 
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Here Y p = f p f t (s)M a y(ds) and Y t N = e f N f t (s)M ay (ds) ,Vt G T, with P and TV defined as follows. Let 
W be the class of functions to : T — > R + such that u> is nondecreasing on T n (— oo, 0], nonincreasing on 
T n [0, oo) and J^^^ , w(t)X(dt) — J Tn ^ ^ w(t)X(dt) — oo . Here A is the counting measure if T = Z 
and the Lebesgue measure if T = M. Then, 5 can be decomposed into two parts, S = P U N, where 



P := js G 5 : ^ w(t)f t {s) a \(dt) = oo , for all w G wj and N:=S\P. 



(5.4) 



Note that //(£> \ JV) = and fi(P \ C) = 0. This implies that {Y^jtgT has no positive component, and 
one can combine (15.21) and (15.31) as follows: 



{yj teT 4 { y/> v y t ^ v y/Vr , 

where {Y t C ' N } t! zT = CJcnN ftM a ,v}teT and {Y t p } teT , {Y t C ' N } teT and {y^} teT are indepen dent. The 

compo nents Y p and Y D have relatively clear structures: {Y t D } t ^T is a mixed moving maxima (see lWang and Stoev 

Similarly, in th e SaS setting, the dissipative component X D = {X®} t eT is a mixed moving ave r- 
age (see lRosifiskii(ll995h l. For a description of {X P } t eT {{Y t p }teT resp.), see e.g. ISamorodnitskvl (|2005l ).. 



At the same time, the characterization for the component {Y t ' N }teT (or {X^' N } t £T) is an open problem. 

Remark 5.1. We do no t exhaust here all the structural classification results for sum-stable processes. 
Pipiras and Taqqu (2002), for example, provide a more detailed decomposition for SaS processes with 
representation (|4.4[) . By using association, one can automatically obtain corresponding decompositions 
for the associated a-Frechet processes. 



6. Discussion 



Recently, IKabluchkol ( 20081 ) introduced a similar notion of association. We became aware of his result 
toward the end of our work. The two approaches are technically different. Kabluchko's approach utilizes 
spectral measures, while ours is based on the structure of max-linear and li near isomet ri es. T hese two 
approaches lead to the equivalent notions of association (see Lemma 2 in Kabluchko ( 20081 )). As a 
consequence, our Corollary 14.11 can also be obtained following his approa ch. On the other hand, our 
approach leads to a more direct proof of the following, which is Lemma 3 in IKabluchkol ( 20081 ). 



Lemma 6.1. Let {X t }teT be an SaS process and {Y t }teT be an a-Frechet process. Suppose {X t }t£T o,nd 
{Y t } te x are associated by {ft}teT C L"(5, /x). Then for any ti,t%, ■ ■ ■ G T, as n —* oo, X tn converges in 
probability to X t , if and only ifY tn converges in probability to Y t . 



Proof. By Proposition 3.5.1 in ISamorodnitskv and Taqqul (1994), X tn A X t as n —> oo, if and only if 
Wfu-ft 

(|2006l ). Y t 



as n — > oo. This is equivalent to, by Theorem 2.1 and Lemma 2.3 in lStoev and Taqqu 



oo. 



□ 



Kabluchkol ( 2008 ) also proved (Theorem 9 therein) that an a-Frechet process is mixing (ergodic resp.) 



if and only if the associated SaS process is mixing (ergodic resp.). The proofs of these results, however, 
are not simple consequences of the notion of association. By association one can easily obtain new classes 
of a-Frechet processes. The probabilistic properties of the new processes (e.g. the associated a-Frechet 
processes in examples in Section U), however, do not automatically follow 'by association' and are yet to 
be investigated. 
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A. Proofs of Auxiliary Results 

We first need the following lemma. 

Lemma A.l. If F C L%{S,p), then 

(i) p(F) — p(span + (F)) = p( V-span(F)), and 

(ii) for any /M G span + (F) and f { ^ G V-span(F), / (1) // (2) & p{F). 



Proof, (i) First, for any fa, gi 6 F, aj > 0,6, > 0, i € N, we have 

{^^<4=n{w^4-<-}=nnu{# 



hence p( V-span(F)) C p(span + (F)). 

To show ,o(span + (F)) C p(V-span(F)), we shall first prove that p(span + (F)) C p(V-span(F)), where 
span + (F) involves only finite positive linear combinations. For all /i, /2, ffi € F, ai, 6i, &2 > 0, we have 

fai/i+a 2 /2 . I ii /fai/i . 1 ^ fa2/: 



*'}-U({^«.}n{f£<.-«}), 



I- J 9 /i Q VUl51 J Ul51 

This shows that (a±fi + 02/2) /bigi is /j( V-span(F)) measurable. By using the fact that F contains only 
nonncgative functions and since < — J fcl . gl . < x \ = \ ai f} +a2 f 2 > I I for x > 0, we similarly obtain that 
(ai/i + 02/2)7(6191 + 6232) is p(V-span(F)) measurable. Similarly arguments can be used to show that 
{Yh=i a ifi)l (Yh=i b i9i) is p(V-span(F )) measurable for all a i; 6, > 0, g { G F, 1 < i < n. 

We have thus shown that /?(span + (F)) C /o(V-span(F)). If now /, g G span + (F), then there exist 
two sequences f n ,gn G span + (F), such that /„ — > / and <7„ — > g a.e.. Thus, h n := f n /g n — ► h := f/g 
as n — > 00, a.e.. Since /i„ are /?(span + (F)) measurable for all n G N, so is /i. Hence p(span . (F)) — 
p(span + (F)) C i o(V-span(F)). 

(ii) By the previous argument, it is enough to focus on finite linear and max-linear combinations. Suppose 
f {1) = E?=i ^fa and /« = Y j= x bj9j for some 9j G F, a,, 6,- > 0, 1 < i < n, 1 < j < p. Then, for all 
x > 0, 

p 



Y~>™ c P n f 

{fc^<^ = U{E^<A} e p(^. 



It follows that /W //( 2 ) e p(F). □ 



Proof of Proposition \3. l\ First we show 7^. ej +(F v ) D 7\L e ,+ (F+), where F v and F+ are defined in 
By ()2.2|) . it suffices to show that, for any r 2 G ( o(F + ),/' 2 ' G F+, there exist n G p(F v ) and G F v , 
such that 

n/W = r 2 /( 2 ). (A.l) 

To obtain (|A.1|) . we need the concept of full support. We say a function g has full support in F (an 
arbitrary collection of functions defined on (S,p,)), if g € F and for all f G F, /z(s upp(q) \ supp(/)) = 0. 
Here supp(/) := {s e S : f(s) ^ 0}. By Lemma 3.2 in IWang and Stoevl (|2009f ). there exists function 
/W G F v , which has full support in F v . One can show that this function has also full support in F+. 
Indeed, let g G F+ be arbitrary. Then, there exist g n = a nigni,o<ni > and g„j G F C F v such 

that <7„ — > 17 as n — > 00. Note that /i(supp(<? n ) \ supp(/)) = for all n. Thus, for all e > 0, we 
have fi(\g n — g\ > e) > m({|<?| > e} \ supp(/)). Since fi(\g n — g\ > e) — * as n — > 00, it follows that 
/i({|<7| > e} \ supp(/)) = for all e > 0, i.e., /i(supp(g) \ supp(/)) = 0. We have thus shown that / has 
full support in F+. 

Now, set n := r 2 (/ (2) // (1) ), we have (|ATIj) . (Note that /( 2 ) = 0,/i-a.e. on S \ supp(/( 1 )). By 
setting 0/0 = 0, / (2) //^ 1 ' 1 is wen defined.) Lemma EH (ii) implies that / (2) //^ 1 ' 1 <= P(F), whence r\ G 
p(F) = p{T+). We have thus shown 7?. ej +(Fv) D 72. e ,+ (F+). In a similar way one can show 7^. e , + (F v ) C 

^e,v(F + ). □ 



12 



Proof of Proposition \3. C A First, suppose (|3.4p does not hold but (|3.ip holds. Then, without loss of gen- 
erality, we can assume that there exists C S% such that f[ (s) > 0, /a (s) < for all s 6 S'q 1 '' 
and /i(S , Q 1 ' ) ) > 0. It follows from (|3.1[) that there exists a linear isometry ?7 such that, by Theorem 12.11 
Ufj^ = /| 2 ^ = T(ri)U(f), with certain / and r-j = fj^ //, for i = 1,2. In particular, / can be taken with 
full support. Note that sign(n) 7^ sign(r 2 ) on . It follows that and have different signs on 

a set of positive measure (indeed, this set is the image of the under the regular set isomorphism T). 

(2) (2) 

This contradicts the fact that /f and f% are both nonnegative on S%. 

On the other hand, suppose (|3.4|) is true. Define U f± '■— \f\ |. It follows from (|3.4|) that U can be 
extended to a positive-linear isometry from L a (Si, fii) to (1S2, ^2), which implies (|3.1|) . □ 
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